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I. Introduction

I N a recent Note with a provocative title, the authors1 ques-
tioned the popular notion that the phugoid frequency varies in-

versely with speed. They cited data from the literature that show
an increase in phugoid frequency with increasing speed in some
instances. Based on an analytical expression for the phugoid fre-
quency, they conclude that the phugoid frequency is independentof
speed provided the nondimensionalaerodynamicand thrust deriva-
tives are constant with respect to variations in speed. In particular,
their conclusion implies that any observed inverse variation of the
phugoid frequency with speed is purely due to the behavior of the
nondimensionalaerodynamic and thrust derivatives.

In the present Note, we point out that the conclusions in Ref. 1
are not entirely correct. Much of the confusion in Ref. 1 is seen to
be due to an incomplete statement of the problem at hand. Once the
question is correctly posed, the conditionsunder which the phugoid
frequency varies with speed become obvious.

II. Problem Statement
Consider an airplane � ying steady and level with speed Ue at an

altitude He (density q e). Balance of forces in the vertical direction
gives 1

2
q eU 2

e SCLe = W , where S is the wing area, W is the airplane
weight, and CLe is the lift coef� cient at that � ight condition.The air-
plane response to a small perturbation about this equilibrium state
can be described in terms of the phugoid (or long-period) and the
short-period modes. When these two modes are oscillatory, as is
usually the case, the small perturbation dynamics can be speci� ed
by stating the frequency and damping of these modes.

Now, the question posed is as follows: “If the equilibrium state
of the airplane is changed from one steady, level � ight (q 1, U1, CL1

)
to another, (q 2 , U2 , CL2 ), what is the corresponding change in the
phugoid frequency?”

It is important to recognize that the two equilibrium states are
related by the following constraint:

1
2
q 1U 2

1 SCL1 = 1
2
q 2U 2

2 SCL2 = W (1)

Thus, as speed varies from U1 to U2, both q and CL will change,
in general, subject to the constraint in Eq. (1). In any case, both q
and CL cannot remain � xed as U is varied. It is common to consider
two special cases: 1) variation of U with CL kept constant, that is,
CL1 =CL2 and 2) variation of U with altitude H kept constant, that
is q 1 = q 2 .

It is apparent from the data in Table 1 of Ref. 1 that the authors
have consideredonly case 2 in their Note, although this has not been
stated explicitly.

Received 9 April 1999; accepted for publication4 December 1999. Copy-
right c° 2000 by the American Institute of Aeronautics and Astronautics,
Inc. All rights reserved.

¤ Assistant Professor, Department of Aerospace Engineering; akn@aero.
iitb.ernet.in. Member AIAA.

III. Analysis
With the problem stated clearly, it is now easy to see how the

frequency of the phugoid mode varies with variation in speed in
the two cases just listed. For this purpose, it is adequate to use
the standard approximation for phugoid frequency available in the
literature(for exampleseeRoskam2), althoughthe sameconclusions
can be arrivedat by using the more complicatedexpressionin Ref. 1.

The phugoidfrequencyis usuallyapproximatedas follows,where
q̄1 = 1

2
q 1U 2

1 :

x p =

r
¡ Zug

U1
=

s
q̄1S

¡
CLu + 2CL1

¢

mU1

g

U1

(2)

Case 1
When CL1 is constant,we can write q̄1S = W / CL1 in Eq. (2), and

a little manipulation yields the result

x p = (g / U1)
q

CLu

¯
CL1

+ 2 (3)

which, when CLu / CL1 ¿ 2, gives the Lanchester result, x p =
g

p
(2) / U1. Thus, Eq. (3) clearly indicates that the inverse varia-

tion of the phugoid frequency with speed is no conjecture, but a
fact, in the case where CL is maintainedconstant as the speed is var-
ied, provided the aerodynamic and thrust derivatives are assumed
to be constant with speed. It is not dif� cult to show that, using the
more complicated expression for the phugoid frequency quoted in
Ref. 1, manipulations similar to earlier yield

x p =

s
g2

¡
CLu

¯
CL1 + 2

¢
+ k1

U 2
1 + k2

(4)

where k1 and k2 are constants, provided the aerodynamicand thrust
derivativesdo notvarywith speed,and usuallyk2 ¿ U 2

1 . Onceagain,
Eq. (4) suggests an inverse variation of the phugoid frequencywith
speed.

Case 2
When q 1 is consant,we can replace q̄1 in Eq. (2)with q̄1 = 1

2
q 1U 2

1 ,
where from the following expression for the phugoid frequencycan
be derived:

x p = g

r
CLu q 1S

2W
+

2

U 2
1

(5)

In the case where the � rst term under the root in Eq. (5) is much
smaller than the second term, Eq. (5) reduces to the Lanchester for-
mula for the phugoid frequency. On the other hand, when the � rst

Table 1 Variation of phugoid
frequency in case 2a

Mach number x p , rad/s

a) Lockheed Jetstar
0.2 0.193
0.4 0.082

b) Convair CV-880M
0.2 0.149
0.25 0.145

aAt sea level.
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term dominates, the phugoid frequency works out to be approxi-
mately independent of speed. It is possible to draw similar conclu-
sions with the more complicated expression for phugoid frequency
used in Ref. 1.

We now seek data from the literature in support of the con-
clusions in case 2. In practice, the nondimensional aerodynamic
and thrust derivatives vary with speed, especially in the transonic
regime.We, therefore,look for data at low Machnumbers,where the
aerodynamic and thrust derivatives may be expected to be approx-
imately constant. A perusal of the data in Ref. 3 provides several
examples, one each of which illustrates the two conclusionsarrived
at earlier for case 2 and are cited in Table 1. In case of airplane
a, the phugoid frequency shows a decrease with increase in speed,
whereas for airplane b, the phugoid frequency is nearly constant
with increase in speed.

IV. Conclusions
It is shown that the variationof the phugoid frequencywith speed

depends on the manner in which the speed is varied between two
level-� ight equilibrium states. If CL is kept � xed as the speed is
varied, the phugoid frequency shows the well-known inverse de-
pendence on speed. It is, therefore, incorrect to suggest that the
inverse variation of the phugoid frequency with speed is only due
to changes in the aerodynamic and thrust derivatives.However, the
phugoid frequency does turn out to be independentof speed in cer-
tain cases, when the speed is varied with the altitude kept constant.
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Introduction

I N a recentpaper1 , contraryto popularbelief, it was shownthat the
phugoidfrequencyis independentof the forward speed.This was

done by using a new approximation to the phugoid frequency that
is very accurate. The research suggested that it was not speed, but
the conspired variation of the aerodynamic derivatives with speed
that caused the decrease of phugoid frequency with an increase
in speed. To support the argument, counterexamples in which the
phugoid frequencyincreasedwith an increase in speed were shown.
This broke a century-old belief and has, quite naturally, stirred up a
debate. In a recentnote,2 it is claimed that the resultsquotedare only
partially correct. The misunderstandinghas croppedup because the
approximation to the phugoid frequency that is used to arrive at the
conclusionin the � rst study is inadequateand requiresamelioration.
The purpose of this note is to clarify the issues raised.

Clari� cation
The controversialresult1 is that if the speed alone is varied, keep-

ing the aerodynamicand the thrust derivatives� xed by some means,
the phugoid frequency remains unchanged, establishing that the
phugoid frequency is independentof speed.
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Table 1 Percentage error in the 2DOF
phugoid frequency approximation

from the exact value

Aircraft Flight phase % error

A ¡ 15.02
B 1 ¡ 14.38

2 ¡ 17.93
3 ¡ 7.41

C 1 ¡ 24.27
2 ¡ 27.52
3 ¡ 19.78

D 1 ¡ 12.63
2 10.50
3 19.66

E 1 ¡ 17.92
3 33.10

F 1 ¡ 17.41
2 ¡ 34.53
3 ¡ 6.53

Ananthkrishnan2 rephrases the problem in the following man-
ner: “If the equilibrium state of the airplane is changed from one
steady, level � ight (p1, U1 , C1a ) to another (p2, U2 , C2a ) what is the
correspondingchange in phugoid frequency?”The two equilibrium
states are shown to be related by the following constraint.

1
2

p1U
2
1 SC1a = 1

2
p2U

2
2 SCta (1)

As the speed is varied from U1 to U2 , both the density and the
coef� cient of lift change subject to the constraint in Eq. (1). On
the basis of this, two special cases, one with the coef� cient of lift
kept unchanged and the other with the altitude kept unchanged,are
examined. Until this point, the argument is � awless. The 2DOF
approximation3 is then used to af� rm that the phugoid frequency
is inversely proportional to speed.2 For a study of this nature, the
2DOF approximation, w p = gZu / U1 is inappropraite because it
frequently results in large errors. This is the source of the incorrect
inferences of Ref. 2.

To validate this claim, Table 1 presents the percentage error in
the 2DOF phugoid frequency approximation from the exact value,
calculated for the same set of data that was used in former studies
by the author.1 It is taken from Appendix C of Roskam’s text on
� ight dynamics.4 This collection of data pertains to six modern
aircraft in a total of 16 � ight conditions.The chosen aircraft possess
dissimilar missions: a small four-place transportation airplane, a
19-passengercommuter airliner, a small jet trainer, a medium-sized
high performance business jet, a supersonic � ghter-bomber, and a
large wide-body jet transport. The � ight conditions extend from
power approach at sea level to cruise at medium and high altitudes.
The database is thus representative of a whole gamut of airplanes
and � ight conditions.In the 15 cases examined, the percentageerror
betweentheexactvalueof thephugoidfrequencyand that calculated
from the approximation varies from 6.53% to 33.10%. It is not
surprising that judgments based on this expression are erroneous.

On the contrary, the approximation3 to the phugoid frequency

w p =

r
g(M a Zu ¡ M a Za)

Mg Za ¡ U1 M a

(2)

does not differ from the exact value by more than 4% in the 15
cases considered. Conclusions based on Eq. (2) have, therefore,
greater authenticity.Reference2 also states that similar conclusions
can be reached from the nondimensional version of Eq. (2). The
nondimensional version derived in Ref. 2 [Eq. (4) of Ref. 2] is
incorrect, because U1 has not been canceled with q1. The correct
expression is1

w p =

s
g
©
Cm0

¡
CL0 + 2CL1

¢
¡

¡
Cw0 + 2Cm

¢¡
Cl0 + CD1

¢ª
¡
Cmq c̄

¯
2
¢¡

CL0 + CD1

¢
+ (2m / pS)Cm a

(3)


